Abstract. Sedimentation of two spheres with different densities in a square-crossing channel is studied using the lattice Boltzmann method. The present work focuses on the periodic state of the settling behaviour of the spheres, which strongly depend on the Galileo number Ga as well as the density difference . Our results demonstrate that the motion of the spheres becomes periodic when  is large enough even at small Galileo number. In addition, the light sphere oscillates faster than the heavy one for all cases studied in this work. It has also been shown that as Ga increases the magnitude of oscillation of spheres increases.
Introduction
The behaviour of systems involving the motion of particles immersed in fluids exists in a wide range of phenomena of interest to both scientists and engineers. Understanding the behaviour and characteristics of particle suspensions in fluids is important for many separation processes. The complexity of relative particlefluid motions may be due to the mutual interaction of particles as well as the interaction between the particles and walls. For instance, the well-known phenomenon of "drafting-kissing-tumbling" (DKT) that was first observed by Fortes et al. [1] , was also numerically studied by Feng et al. [2] . Recently, Wang et al. [3] used the lattice Boltzmann Method (LBM) to investigate the DKT phenomenon of two non-identical particles. They demonstrated that the effect of the diameter difference on the DKT process was significant. Yacoubi et al. [4] numerically studied the two-dimensional dynamics of horizontal arrays of settling particles in a container for the Reynolds number of Re = 200 via an immersedinterface method. They focused on the effect of the particle-particle interaction on the settling pattern in the intermediate-Reynolds-number range. [4] It has been found that in the case of odd-numbered arrays, the middle one was always leading, whereas in the case of evennumbered arrays, the steady-state shape was concavedown. Similar work has also been conducted by Nie et al. [5] , who studied the influence of inter-particle distance on the DKT process. Nie et al. [6] reported the grouping behaviours of multiple particles settling along their lineof-centers in a narrow channel. They showed that the settling particles separated into several groups resulting from the particle-particle interaction, with each group settling at the same velocity. Furthermore, their work demonstrated that this type of grouping behavior strongly depended on the number of particles and the Reynolds number. [6] More recently, Nie et al. [7] studied the settling of two circular particles in a narrow channel and revealed some new features of the settling behaviour of particles.
The two-particle sedimentation system is simple but rich in dynamics and worthy of extensive examination. In general, the magnitude of the interaction between the particles is governed by several variables, among which the density difference is a significant factor characterizing the difference of inertia between the particles. The attention paid to the effect of the density difference on the motion of particles is very limited, especially in three dimensions. A better understanding of this settling problem is needed because it provides valuable insights into the hydrodynamic interactions among multiple particles at a finite Reynolds number. Therefore this work aims to investigate the settling behaviour of two spheres with different densities in a vertical channel at various Galileo number values via the LBM.
Numerical Models
In this work the motion of fluid is solved using the LBM. The discrete lattice Boltzmann equations of a singlerelaxation-time model are expressed as [8] ,
where f i (x,t) is the distribution function for the microscopic velocity e i in the i th direction, f i fluid density  f and velocity u are determined by the distribution function
For the three-dimensional study the D3Q19 lattice model is used here, and the discrete velocity vectors are 
where c = ∆x/∆t, and ∆x is the lattice spacing. The speed of sound c s 2 = c 2 /3. The equilibrium distribution function is chosen as,
where the w i are set to w 0 = 1/3, w 1 -6 = 1/18, and w 5-8 = 1/36. In this model, the fluid viscosity is computed using the equation= c s 2 (-0.5)∆t. In the LBM, special treatment for a moving boundary is usually needed to ensure the no-slip boundary condition on the surface of the particle. In this work, we adopted the schemes proposed by Lallemand & Luo [8] and Aidun et al. [9] . The method proposed by Lallemand & Luo [8] is based on the simple bounce-back boundary scheme and interpolations, which will be briefly described as follows.
The force and torque on the solid particle exerted by the fluid-boundary nodes are computed through the momentum exchange scheme. In addition, to account for the influence of a solid particle entering or leaving the fluid region, the method proposed by Aidun et al. [9] is used to calculate the added force and torque due to the covered and uncovered fluid nodes. Using the net force and torque, the motion of a particle is determined by solving the Newton's equations. In this work, the motion of two spheres with different densities settling in a square-crossing channel is studied. As shown in Fig. 1, two spheres, -4 (in lattice units). The computational domain is L×L×H = 80×80×400. In addition, a moving computational domain is used to simulate an infinite channel. The upstream boundary of the computational domain is 10d upstream of the heavy sphere, whereas the downstream boundary is 15d from the heavy sphere. The normal derivative of velocity is zero at the downstream boundary and the velocity at the upstream boundary is zero.
Results
Generally speaking, the motion of spheres in a fluid should be steady after a period of initial evolution when the Galileo number is small. However, numerical results show that the settling motion of two spheres may become time-periodic when they have different densities even for small Ga. Fig. 2 shows the time evolution of the lateral displacements for = 0.03 at Ga = 7 and Ga = 12, respectively. As shown in Fig. 2 , the motion of the spheres becomes periodic right after they are released, resulting from the wall repulsion as well as the mutual inter-particle repulsion. The particle Reynolds number are Re p = 1.7 and Re p = 0.54 for Ga = 7 and 12, respectively. It is notice that the frequency of periodic motion increases as Galileo number increases. In addition, it is noticeable that the magnitude of the oscillation of the light sphere is much larger than the heavy one for both results. In order to provide a better understanding of the periodic motion, the velocity field and pressure distribution around the spheres at different times are shown in Fig. 3 for Ga = 5 and = 0.03. Obviously, the heavy sphere experiences much strong wall repulsion when it approaches the left wall, as shown in Fig. 3(b) and (c), which pushes it to move toward the channel centerline. As a result of mutual particle-particle repulsion, the light sphere is pushed toward the right wall. Consequently, the heavy sphere begins to oscillate around a line close to the left wall with small amplitude, and the light one oscillates around a line close to the centerline. To gain more insight into the periodic motion, the phase diagrams for Ga = 5 and Ga = 12 are shown in Fig.  4 . Each phase diagram is produced by the normalized horizontal displacement of each particle, i.e., (X 1 -0.5L)/d and (X 2 -0.5L)/d, which exhibits a limit cycle for each . Fig. 4 (a) shows the results of = 0.02 and 0.03 for Ga = 5 because numerical tests demonstrate that the heavy sphere leaves the light one behind when > 0.03. Similarly, the spheres will separate from each other when > 0.05 for Ga = 12. As shown in Fig. 4 , the light sphere is settling on the right side of the channel (X 1 ' > 0) when is small, while it will cross the channel centerline when increases. However, the heavy sphere is always settling on the left side of the channel (X 2 ' < 0) for all values of  Furthermore, the size of limit cycle becomes larger when is larger, as shown in Fig. 4 . In comparison with the results of Ga = 5, the magnitude of the oscillation for the heavy sphere is much larger when Ga = 12, which is mainly due to the effect of the wake behind the heavy sphere. It is expected that the influence of fluid inertia is more significant when the Reynolds number is larger. Particularly, another kind of limit cycle is observed for at Ga = 7, showing a different periodic motion, as one can see in Fig. 5 . In contrast to the results of, the heavy sphere settles on the left side of the channel (X 2 ' > 0), while the light one is on the right side (X 1 ' < 0), suggesting that the two spheres exchange their final positions. It should be mentioned here that the particle collision is observed for which is dealt with the lubrication model proposed by Ladd. However, it is not intended to pay much attention to this issue in the present work because the motion of spheres after the collision is sensitive to the collision model used here. showing the abnormal motion in which the two spheres exchange their initial positions. As shown in Fig. 6 (a) and (b), the heavy sphere (red) approaches the left wall when the light one (blue) comes close to it. Due to the large wall pressure the heavy sphere begins to move to the channel centerline while the light one contacts with it. As a result of inertia, the heavy sphere settles on the right side of the channel, as shown in Fig. 6(d) and (e). Then the motion of spheres becomes periodic. In addition, it's observed that the pressure is significantly larger in front of the heavy sphere.
Conclusion
In this work the lattice Boltzmann method has been adopted to numerically investigate the settling behaviour of two spheres with different densities in a squarecrossing channel. It has been revealed that the periodic motion is observed when the density difference of the two spheres is large enough even for small Galileo number. In addition, the magnitude of oscillation of the light sphere is always larger than that of heavy sphere. As the Galileo number becomes larger, the spheres oscillate faster when they are settling. Especially, it has been observed that the two spheres may exchange their initial positions at Ga = 7.
